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The magnetic translation algebra plays an important role in the quantum Hall effect. Murthy and
Shankar, arXiv:1207.2133, have shown how to realize this algebra using fermionic bilinears defined
on a two-dimensional square lattice. We show that, in any dimension d, it is always possible to
close the magnetic translation algebra using fermionic bilinears, whether in the continuum or on
the lattice. We also show that these generators are complete in even, but not odd, dimensions, in
the sense that any fermionic Hamiltonian in even dimensions that conserves particle number can
be represented in terms of the generators of this algebra, whether or not time-reversal symmetry is
broken. As an example, we reproduce the f -sum rule of interacting electrons at vanishing magnetic
field using this representation. We also show that interactions can significantly change the bare
bandwidth of lattice Hamiltonians when represented in terms of the generators of the magnetic
translation algebra.
I. INTRODUCTION
The two coordinates of an electron in the plane or-
thogonal to a uniform magnetic field B e pointing along
the direction e do not commute. There follows the U(1)
algebra
[t(a), t(b)] = i sin
(
(a ∧ b) · e
2
)
t(a+ b) (1.1)
obeyed by the triplet of generators t(a), t(b), and t(a+b)
for any pair a and b of vectors orthogonal to e, which is
called the magnetic translation algebra in this context.1
The magnetic translation algebra can be used to derive
the transverse conductivity of the integer quantum Hall
effect (IQHE). It has also been used by Girvin, Mac-
Donald, and Platzman in Ref. 2 to place a variational
estimate on the excitation gap for the fractional quan-
tum Hall effect (FQHE), following closely the approach
of Feynman and Bijl in their study of excitations in 4He.3
Hamiltonians defined on two-dimensional lattices with
topologically nontrivial bands can also display quantum
Hall physics. The IQHE can occur in band insulators
when the Bloch bands have a nonvanishing Chern num-
ber, as shown by Haldane.4 The FQHE effect requires
strong electronic correlations. This is possible if the
Chern bands are sufficiently narrow (or even flat).5–7
Whether flat Chern bands can sustain a FQHE or not is
a matter of energetics. Exact diagonalization studies of
fractionally filled Chern bands with added short-range in-
teractions are consistent with a correlated liquid ground
state supporting a FQHE for certain filling fractions.7–21
Such topological correlated states on the lattice are now
known as fractional Chern insulators (FCI).
In an effort to draw a bridge between the case when
the FQHE is realized in the continuum in contrast to the
case when it is realized in a FCI, Parameswaran, Roy, and
Sondhi in Ref. 22 have pioneered an algebraic approach
to FCIs by deriving the algebra obeyed by the density op-
erators projected to the partially filled band.12,23–25 They
found that the algebra (1.1) emerges to leading order in
a gradient expansion. Remarkably, Murthy and Shankar
have (i) constructed in Ref. 26 a coherent superposition
of the projected density operator that closes the U(1)
algebra (1.1) on the square lattice and (ii) represented
any Hamiltonian that commutes with the number opera-
tor and describes the competition between the electronic
hopping and the electronic interaction in terms of these
generators.27
In this paper, we are going to generalize the results
by Murthy and Shankar as follows. We shall represent
the U(1) algebra (1.1) in terms of coherent superposi-
tions of electron-hole pairs in arbitrary dimensions both
in the continuum and for Bravais lattices. We shall then
show that these generators provide a complete basis for
the linear space of operators spanned by charge-neutral
fermion bilinears provided the Bravais lattice, or its em-
bedding space in the continuum limit, is even dimen-
sional. For odd dimensions, the generators of the U(1)
algebra (1.1) form an incomplete basis of the space of
operators spanned by charge-neutral fermion bilinears.
We first treat the case of Hamiltonians acting on wave
functions supported in the continuum for pedagogical
reasons in Sec. II. After this warm-up, we turn our atten-
tion to Hamiltonians acting on wave functions supported
on Bravais lattices in Sec. III. Sections II and III consti-
tute the main results of this paper.
As a sanity check, we verify that the f -sum rule is
obeyed if one represents the electronic density operator in
terms of the particle-hole generators of the algebra (1.1)
in Sec. IVA. This exercise also suggests caution when
performing uncontrolled approximations using the mag-
netic algebra, for such uncontrolled approximations could
predict effects associated to a spurious breaking of time-
reversal symmetry.
In Sec. IVB, we explain how, when represented in
terms of these generators of the algebra (1.1), interac-
tions induce one-body terms that can significantly change
2the bare bandwidth of lattice Hamiltonians. The same
effect in the FQHE requires the addition of a strong one-
body perturbation to a Landau band, one that is of the
order of the FQHE gap. Thus, whereas the FQHE is a
strong-coupling problem, the FCI in a flat band is more
like a problem at intermediate coupling. This result ex-
plains why in Ref. 19 a FCI with a Chern number of 2
was more stable if the bare dispersion was not flat rather
than flat, for the bare and induced one-body terms can
act to neutralize each other.
II. THE CASE OF THE CONTINUUM
We define the fermionic Fock space F with the help of
the algebra{
cˆ(k), cˆ†(k′)
}
= δ(k − k′),
{cˆ(k), cˆ(k′)} = {cˆ†(k), cˆ†(k′)} = 0 (2.1)
for any pair of momenta k,k′ ∈ Rd. Without loss of
generality, we ignore any internal degrees of freedom such
as the spin quantum numbers since we are after the U(1)
algebra (1.1).
The linear space of fermionic bilinears that we study
is spanned by the basis
Tˆ (q1, q2) := cˆ
†(q1) cˆ(q2), (2.2a)
which obeys the algebra[
Tˆ (q1, q2), Tˆ (q
′
1, q
′
2)
]
= δ(q2 − q′1) Tˆ (q1, q′2)
− δ(q1 − q′2) Tˆ (q′1, q2)
(2.2b)
for any quadruple q1, q2, q
′
1, and q
′
2 from R
d.
For any momentum q ∈ Rd and for any function f :
Rd × Rd −→ C, define the coherent superposition
ˆ̺f (q) :=
∫
p
f(q,p) cˆ†(q + p) cˆ(p). (2.3a)
There follows the algebra
[
ˆ̺f (q), ˆ̺f
′
(q′)
]
=
∫
p
[
f(q, q′ + p) f ′(q′,p)− (q ↔ q′ and f ↔ f ′)
]
cˆ†(q + q′ + p) cˆ (p) (2.3b)
for any pair of momenta q and q′ and for any pair of
functions f and f ′.
The choice f(q,p) = 1 for any pair of momenta q and
p from Rd defines the momentum representation of the
local density operator
ρˆ(q) :=
∫
p
cˆ†(q + p) cˆ(p). (2.4a)
Any pair thereof commutes as
[ρˆ(q), ρˆ(q′)] = 0. (2.4b)
Another choice of the function f is made with the fam-
ily
ˆ̺(q;G) :=
∫
p
e+iΦ(q,p;G) cˆ†(q + p) cˆ (p), (2.5a)
for any pair q and G from Rd, where
Φ(q,p;G) := (q +G)∗p− 1
2
q ∗G (2.5b)
and the ∗ product
a ∗ b = −b∗a ≡
d∑
i,j=1
aiM
(∗)
ij bj (2.5c)
defines a real antisymmetric bilinear form specified by
the real-valued d× d antisymmetric matrix M (∗). When
d is even, we assume that M (∗) is invertible. When d is
odd, M (∗) has at least one vanishing eigenvalue and is
thus not invertible. Observe that
ρˆ(q) = ˆ̺(q;−q). (2.6)
We are going to prove that (1) the family ˆ̺(q;G) la-
beled by the pair q and G from Rd obeys the U(1) alge-
bra (1.1), and (2) in even-dimensional space, the family
ˆ̺(q;G) labeled by the pair q and G from Rd is complete.
Proof of closure. We define
Γ(q, q′,p;G,G′) := Φ(q, q′ + p;G) + Φ(q′,p;G′)− Φ(q + q′,p;G+G′) (2.7a)
3in terms of which Eq. (2.3b) can be rewritten as
[ ˆ̺(q;G), ˆ̺(q′;G′)] =
∫
p
[
ei Γ(q,q
′,p;G,G′) − (q ↔ q′ and G↔ G′)
]
e+iΦ(q+q
′,p;G+G′) cˆ†(q + q′ + p) cˆ(p). (2.7b)
Since
Γ(q, q′,p;G,G′) =
(
q +
1
2
G
)
∗
(
q′ +
1
2
G′
)
− 1
4
G ∗G′ ≡ Υ(q, q′;G,G′) (2.8a)
is independent of p and antisymmetric under q ↔ q′ and G↔ G′,
Υ(q, q′;G,G′) = −Υ(q′, q;G′,G), (2.8b)
the algebra (2.7b) closes to
[ ˆ̺(q;G), ˆ̺(q′;G′)] = F (q, q′;G,G′) ˆ̺(q + q′;G+G′) (2.9a)
with the structure constant
F (q, q′;G,G′) = ei Υ(q,q
′;G,G′) − (q ↔ q′ and G↔ G′) = 2i sin Υ(q, q′;G,G′). (2.9b)
Proof of completeness. Choose any function f : Rd × Rd −→ C such that the Fourier transform
f(q,p) =: f¯(q,p) ei q ∗p =:
∫
G
e+iG∗p f˜(q,G)
 ei q ∗p (2.10)
is well defined. For the second equality to be true for arbitrary functions f¯(q, ·) : Rd → C with the well-defined
Fourier transform f˜(q, ·) : Rd → C, the square matrix M (∗) that defines the ∗ product must be invertible and thus
have an even number d of rows (columns). Indeed, the rank of an antisymmetric matrix M (∗) is necessarily even.
Hence, in odd-dimensional space, M (∗) is never invertible as it has at least one vanishing eigenvalue. This means that
the ∗ Fourier transform
∫
G
e+iG ∗p h˜(G) is at best a function of d − 1 coordinates of p if d is odd. For completeness
to hold, it is thus necessary that d be even, which we now assume. A sufficient condition for completeness to hold is
that the linear space spanned by the operators (2.2a) is limited to the coherent superpositions of the form (2.3a) such
that the function f¯(q, ·) : Rd → C has a Fourier transform for any given momentum q. With the help of Eq. (2.5b),
we can then write
f(q,p) =
∫
G
f˜(q,G) ei q ∗G/2 eiΦ(q,p;G). (2.11)
In turn and with the help of Eq. (2.3a), we conclude with
ˆ̺f (q) =
∫
p
f(q,p) cˆ†(q + p) cˆ (p) =
∫
G
f˜(q,G)ei q ∗G/2
∫
p
eiΦ(q,p;G) cˆ†(q + p) cˆ (p) =
∫
G
f˜(q,G) ei q ∗G/2 ˆ̺(q;G).
(2.12)
III. THE CASE OF THE LATTICE
We begin with some notation. Let Λ be a Bravais
lattice and Λ⋆ be its dual. Sites in Λ are denoted by r,
and sites in Λ⋆ are denoted by G. The first Brillouin
zone is denoted ΩBZ; it contains the origin of R
d. We
shall decompose Rd into a set of shifted Brillouin zones
ΩGBZ obtained by translation of ΩBZ by G ∈ Λ⋆,
R
d =
⋃
G∈Λ⋆
ΩGBZ. (3.1)
Sites in ΩBZ are denoted k, q, and p. If q and p belong
to the Brillouin zone ΩBZ, this might not be the case for
q + p. There is a unique Gq+p ∈ Λ⋆ such that q + p ∈
Ω
Gq+p
BZ . Correspondingly, q+p−Gq+p ∈ ΩBZ. We shall
4use the notation
[q + p]BZ ≡ q + p−Gq+p ∈ ΩBZ. (3.2a)
Two observations are pertinent to what follows. First,
the bracket (3.2a) obeys the nesting rule[
q′ + [q + p]BZ
]
BZ
= [q + q′ + p]BZ (3.2b)
for any triplet q, q′, and p from the first Brillouin zone.
Second, if we hold q ∈ ΩBZ fixed and vary p across the
Brillouin zone ΩBZ, the unique reciprocal wave vector
Gq+p ∈ Λ⋆ such that q + p − Gq+p ∈ ΩBZ defines
an implicit function of q that is piecewise constant with
discontinuous jumps each time q+p crosses the boundary
separating neighboring Brillouin zones.
We define the fermionic Fock space F with the help of
the algebra{
cˆk+G, cˆ
†
k′+G′
}
= δk,k′ ,{
cˆk+G, cˆk′+G′
}
=
{
cˆ†k+G, cˆ
†
k′+G′
}
= 0
(3.3)
for any pair k and k′ from the Brillouin zone ΩBZ and
any pair G and G′ from the dual lattice Λ⋆.
The linear space of fermionic bilinears that we study
is spanned by the basis
Tˆq1,q2 := cˆ
†
q1
cˆq2 , (3.4a)
which obeys the algebra[
Tˆq1,q2, Tˆq′1,q′2
]
= δq2,q′1 Tˆq1,q′2 − δq1,q′2 Tˆq′1,q2 (3.4b)
for any quadruple q1, q2, q
′
1, and q
′
2 from the Brillouin
zone.
For any q from the Brillouin zone ΩBZ and for any
function f : ΩBZ × ΩBZ −→ C, define
ˆ̺fq :=
∑
p∈ΩBZ
fq,p cˆ
†
[q+p]BZ
cˆp. (3.5)
There follows the algebra [with the help of Eq. (3.2b)][
ˆ̺fq , ˆ̺
f ′
q′
]
=
∑
p∈ΩBZ
[
fq,[q′+p]BZ
f ′q′,p − (q, f ↔ q′, f ′)
]
× cˆ†[q+q′+p]BZ cˆp
(3.6)
for any pair of momenta q and q′ from the Brillouin zone
and for any pair of functions f and f ′.
The choice fq,p = 1 for any pair q and p from the
Brillouin zone defines the momentum representation of
the local density operator
ρˆq :=
∑
p∈ΩBZ
cˆ†[q+p]BZ
cˆp. (3.7a)
Any pair thereof commutes as[
ρˆq, ρˆq′
]
= 0. (3.7b)
Another choice of the function f is made with the fam-
ily
ˆ̺Gq :=
∑
p∈ΩBZ
e+iΦ
G
q,p cˆ†[q+p]BZ
cˆp (3.8a)
for any G from the dual lattice and q from the Brillouin
zone, where
ΦGq,p :=
1
2π
[
(q +G)∗p− (q + p+G)∗Gq+p+G
]
(3.8b)
and the d × d matrix M (∗)Λ that defines the ∗ product
is antisymmetric, as was the case in the continuum, but
with the restriction that
1
2π
G ∗G′ = 0 mod 2π, ∀G,G′ ∈ Λ⋆, (3.9)
to accommodate the d-dimensional Bravais lattice Λ.
When d is even, M
(∗)
Λ has a nonvanishing determinant
by assumption. As announced, the U(1) algebra[
ˆ̺Gq , ˆ̺
G′
q′
]
= 2i sin
(
(q +G)∗ (q′ +G′)
2π
)
ˆ̺G+G
′
q+q′
(3.10)
follows for any quadruple q, q′, G, and G′. The proof
of Eq. (3.10) is technically more involved than that of
Eq. (2.9) as one needs to account for the restriction on
momenta to the first Brillouin zone. For this reason,
we refer the reader to Appendix A for the details of the
proof.
To prove completeness, we assume that the dimen-
sionality d is even for the same reasons as given below
Eq. (2.5c). One verifies that
ΦGq,p = Θq,p +
G ∗p− p∗G
2π
+ΘGq + mod 2π, (3.11a)
where the function
2πΘq,p := q ∗p− (q + p)∗Gq+p (3.11b)
is independent of G, while the function
2πΘGq := −q ∗G (3.11c)
is independent of p. We will use the fact that
Θq=0,p = Θ
G
q=0 = 0 (3.12)
in Sec. IVB and Appendix B. We define the function
f¯ : ΩBZ × ΩBZ −→ C by
fq,p =: f¯q,p e
+iΘq,p . (3.13)
We then use the Fourier expansion
f¯q,p =:
∑
G∈Λ⋆
f˜Gq e
+i (G ∗p−p∗G)/(2π) (3.14)
5to do the following manipulations:
fq,p = e
+iΘq,p f¯q,p
= e+iΘq,p
[ ∑
G∈Λ⋆
f˜Gq e
+i (G∗p−p∗G)/(2π)
]
=
∑
G∈Λ⋆
f˜Gq e
+iΘq,p+i (G∗p−p∗G)/(2π)+iΘ
G
q −i Θ
G
q
=
∑
G∈Λ⋆
f˜Gq e
−i ΘGq︸ ︷︷ ︸
independent of p
× e+iΦGq,p . (3.15)
Inserting Eq. (3.15) into Eq. (3.5) gives
ˆ̺fq =
∑
G∈Λ⋆
f˜Gq e
−i ΘGq
 ∑
p∈ΩBZ
e+iΦ
G
q,p cˆ†[q+p]BZ
cˆp

=
∑
G∈Λ⋆
f˜Gq e
−i ΘGq ˆ̺Gq , (3.16)
where we made use of definition (3.8a) to reach the last
equality. Completeness has thus been proved if the space
of functions f is restricted to those for which Fourier
transform (3.14) exists.
IV. DISCUSSION
As pointed out by Murthy and Shankar, the magnetic
translation algebra is not limited to situations in which
time-reversal symmetry is broken. From the point of
view of many-body physics, the generators of the mag-
netic translation algebra can also be thought of as spe-
cial coherent superpositions of particle-hole excitations.
As such they are always present in the many-body Fock
space.
If time-reversal symmetry is either explicitly or spon-
taneously broken, it is plausible that these excitations
might be selected by the many-body interactions to play
an important role at low energies and long distances.
However, the breaking of time-reversal symmetry alone
is no guarantee for the FQHE. The selection of a ground
state supporting the FQHE is a subtle compromise be-
tween the kinetic energy and the interactions.
If time-reversal symmetry is neither explicitly nor
spontaneously broken, it is harder to imagine that these
excitations are of relevance to the low-energy and long-
distance properties of interacting electrons.
With this motivation in mind, we are going to discuss
the following two cases.
(a) The f -sum rule. We begin in Sec. IVA with the
case of interacting electrons in the continuum limit with-
out explicit breaking of time-reversal symmetry and for
which spontaneous symmetry breaking of time-reversal
symmetry is not anticipated. This situation is the one
expected if electrons interact through sufficiently weak
density-density interactions. We are going to show how
to recover the f -sum rule when we choose to represent the
many-body Hamiltonian in terms of the generators (2.5)
of the magnetic translation algebra for any even dimen-
sion d of space.
This exercise serves two purposes. First, it gives us
the confidence that we can solve an interacting problem
devoid of any magnetic field using the magnetic transla-
tion algebra, i.e., using a technology that is geared to the
presence of a magnetic field. We find this result remark-
able. Second, it is a warning against blindly performing a
mean-field approximation of the Hamiltonian, when rep-
resented in terms of the generators (2.5), that delivers
the FQHE. In other words, one should be cautious when
using the magnetic translation algebra in an approximate
fashion to predict a FQHE, for such treatments can pre-
dict a FQHE when none is known to occur.
(b) FCIs at intermediate rather than strong couplings.
To illustrate the delicate competition between the kinetic
energy and the interactions, we consider in Sec. IVB a
Hamiltonian describing a band insulator to which we add
density-density interactions that preserve translation in-
variance. We represent the projection of this Hamilto-
nian onto a single band in terms of the generators (3.8)
for any even dimension d of the Bravais lattice. In doing
so, we are going to show that normal ordering can change
the bare bandwidth by a value comparable to the char-
acteristic energy for the interactions. Hence, if the bare
bandwidth is smaller than the characteristic energy for
the interactions, as is usually believed to be necessary to
stabilize a FCI, normal ordering can be an effect of order
1.
As an application of this result, we consider any pro-
jected and normal-ordered Hamiltonian Hˆ describing
itinerant fermions in a flat band carrying a nonvanish-
ing Chern number and interacting though a density-
density interaction that preserves translation invariance.
We assume that Hˆ supports a FCI as the ground state
at the partial filling 0 < ν < 1 of the flat band. A
particle-hole transformation turns the normal-ordered Hˆ
into H˜ , whereby H˜ must support a FCI made of holes
as the ground state at the partial filling ν˜ = 1 − ν.
What is remarkable is that the projected Hamiltonian H˜ ,
when decomposed into a one-body term and a normal-
ordered interaction, can be thought of as describing
holes with a genuine dispersion and interacting through
a normal-ordered density-density interaction sharing the
same functional form as Hˆ . The dispersion of the holes
is genuine because its width is generically nonvanishing
and of the order of the characteristic interaction strength
times a numerical factor of geometrical origin. Indeed,
this numerical factor arises because of the geometry in-
duced by the overlaps between pairs of Bloch states from
the original flat band.28 When these overlaps are con-
stant, as is the case in the FQHE, this numerical fac-
tor vanishes so that H˜ can also be assigned a flat band.
When these overlaps are functions of both the relative
and center-of-mass momenta of the pair of Bloch states,
then this numerical factor can be nonvanishing.
That this numerical factor can be of order unity, and
6thus matters in a crucial way in order to stabilize the
FCI at the filling fraction ν˜, can be inferred from the
following numerical results.
In Ref. 7, a band insulator with two flat bands sup-
porting the Chern numbers ±1 was shown to support a
FCI phase at the filling fraction 1/3 in the presence of
a repulsive nearest-neighbor density-density interaction
projected onto the lower flat band. In Ref. 10, the same
band insulator was shown to support the same FCI phase
at the same filling fraction 1/3 in the presence of a dif-
ferent interaction, namely, the repulsive nearest-neighbor
density-density interaction projected onto the lower flat
band and then normal ordered. Hence, at the filling frac-
tion 1/3, the FCI phase is robust to whether the pro-
jected interaction is normal ordered or not. In Ref. 11,
the same model as in Ref. 7 was also shown to support
a FCI phase at the filling fraction 2/3. However, no ev-
idence for a topological phase was found at the filling
fraction 2/3 using the normal ordered projected interac-
tion in Ref. 10. Hence, at the filling fraction 2/3, the FCI
phase either is not selected as the ground state or is very
close to a phase transition to a phase without topological
order when the projected interaction is normal ordered,
while the FCI phase is selected as the ground state when
the projected interaction is not normal ordered. We con-
clude that the characteristic bandwidth of the one-body
term that is generated by normal ordering the repulsive
nearest-neighbor density-density interaction must be of
the same order as the characteristic energy scale of the
interaction.
Both quantitative examples are consistent with the fact
that interactions projected onto a single Chern band can
induce one-body terms that can significantly alter the
bandwidth of lattice Hamiltonians for itinerant fermions.
A. f-sum rule
The f -sum rule holds for electrons with mass m and
the quadratic dispersion
ε(p) :=
p2
2m
(4.1a)
subjected to any one-body potential V and interacting
with any translation-invariant density-density interaction
U in any dimension d. Pines and Nozie`res presented a
derivation thereof in Ref. 29 that hinges on the fact that
the operator identity[
ρˆ(q), [Hˆ, ρˆ(−q)]
]
=
q2
m
Nˆ (4.1b)
holds for any momentum q ∈ Rd. Here,
Nˆ :=
∫
p
cˆ†(p) cˆ(p) (4.1c)
is the conserved particle number operator, and the many-
body Hamiltonian Hˆ := Hˆ0+ HˆV + HˆU is the sum of the
dispersion
Hˆ0 :=
∫
p
ε(p) cˆ†(p) cˆ(p), (4.1d)
the one-body potential
HˆV :=
∫
q
V (q) ρˆ(−q), (4.1e)
and the two-body potential
HˆU :=
∫
q
U(q) ρˆ(q) ρˆ(−q). (4.1f)
The only nonvanishing contribution to the nested com-
mutator in Eq. (4.1b) arises from the quadratic dispersion
Hˆ0 in view of the Abelian algebra (2.4b). Equation (4.1b)
follows from the algebra (2.1).
As a sanity check, we are going to verify Eq. (4.1b)
for any even dimension d with the help of the magnetic
translation algebra
[ ˆ̺(q;G), ˆ̺(q′;G′)] = 2i sinΥ(q, q′;G,G′)
× ˆ̺(q + q′;G+G′), (4.2)
where Υ(q, q′;G,G′) is defined in Eq. (2.8). We shall
only evaluate the contribution from the quadratic dis-
persion (4.1d).
First, we recall that ρˆ(q) = ˆ̺(q;−q) according to
Eq. (2.6). Second, we expand Hˆ0 in terms of the mag-
netic translation densities ˆ̺(q;G),
Hˆ0 =
∫
G
ε˜(G) ˆ̺(q = 0;G), (4.3a)
where
ε˜(G) =
∫
p
e−iG∗p ε(p). (4.3b)
It is with Eq. (4.3b) that we made use of d being even.
7Third, we make a first use of Eq. (4.2) to evaluate the internal commutator[
ρˆ(q), [Hˆ, ρˆ(−q)]
]
=
∫
G
ε˜(G)
[
ˆ̺(q;−q), [ ˆ̺(0;G), ˆ̺(−q; q)]
]
=
∫
G
ε˜(G) 2i sin Υ(0,−q;G, q) [ ˆ̺(q;−q), ˆ̺(−q;G+ q)]. (4.4)
We make a second use of Eq. (4.2) to evaluate the external commutator[
ρˆ(q), [Hˆ, ρˆ(−q)]
]
=
∫
G
ε˜(G) 2i sin Υ(0,−q;G, q) 2i sin Υ(q,−q;−q,G+ q) ˆ̺(0;G)
=
∫
G
ε˜(G)
[
2i sin
(
q ∗G
2
) ]2
ˆ̺(0;G). (4.5)
The integral over G can now be performed,[
ρˆ(q), [Hˆ, ρˆ(−q)]
]
=
∫
G
ε˜(G)
(
e+i q∗G + e−i q∗G − 2) ∫
p
e+iG∗p cˆ†(p) cˆ(p)
=
∫
p
1
2m
(|p+ q|2 + |p− q|2 − 2|p|2) cˆ†(p) cˆ(p)
=
q2
m
∫
p
cˆ†(p) cˆ(p). (4.6)
Equation (4.1b) follows from the definition (4.1c).
B. Projected Hamiltonians and the importance of
induced one-body terms
We begin with the generic lattice Hamiltonian
Hˆ := Hˆ0 + HˆU , (4.7)
where the dimensionality d of the lattice is assumed even.
Our goal is to understand how normal ordering of the
interaction HˆU changes the bandwidth of the kinetic
Hamiltonian Hˆ0. To this end, we need to choose the
representation in which we define Hˆ0 and HˆU . We will
see that the choice of the representation of Hˆ can change
the effects on Hˆ0 of normal ordering on HˆU .
The kinetic Hamiltonian is defined by
Hˆ0 :=
1
2
∑
r,r′∈Λ
∑
α,α′
(
ψˆ†r,α t
α,α′
r−r′ ψˆr′,α′ +H.c.
)
, (4.8a)
where the hopping amplitudes
tα,α
′
r−r′ =
(
tα
′,α
r′−r
)∗
(4.8b)
decay exponentially fast with the separation between any
pair of sites r and r′ from the lattice Λ and we have
reinstated a finite number of internal degrees of freedom
labeled by the orbital index α. If N denotes the number
of sites in Λ, we can perform the Fourier transformation
to the band basis in two steps. First, we do the Fourier
transformation
ψˆ†r,α =:
∑
p∈ΩBZ
e−ip·r√
N
ψˆ†p,α, ψˆr,α =:
∑
p∈ΩBZ
e+ip·r√
N
ψˆp,α,
(4.9a)
in terms of which
Hˆ0 =
∑
p∈ΩBZ
∑
α,α′
ψˆ†p,αHα,α
′
p ψˆp,α′ ,
Hα,α′p :=
∑
r∈Λ
e−ip·r tα,α
′
r .
(4.9b)
Second, for any given p from the Brillouin zone, we do
the unitary transformation
ψˆ†p,α =:
∑
a
cˆ†p,au
α ∗
p,a, ψˆp,α =:
∑
a
uαp,a cˆp,a, (4.10a)
in terms of which
Hˆ0 =
∑
p∈ΩBZ
∑
a
cˆ†p,a εp,a cˆp,a. (4.10b)
The algebra (3.3) applies to the band operators labeled
by the band index a if one multiplies the Kronecker sym-
bol δp,p′ in the Brillouin zone by the Kronecker symbol
8δa,a′ among the bands. The algebra (3.3) thus endows
the orbital creation and annihilation operators with the
canonical fermion algebra.
The interacting Hamiltonian is defined by
HˆU :=
∑
r,r′∈Λ
∑
α,α′
ρˆψr,α U
α,α′
r−r′ ρˆ
ψ
r′,α′
=
∑
q∈ΩBZ
∑
α,α′
ρˆψ+q,α U˜
α,α′
q ρˆ
ψ
−q,α′ ,
(4.11a)
with
ρˆψr,α := ψˆ
†
r,α ψˆr,α (4.11b)
the local density at site r ∈ Λ and for the orbital α. The
corresponding Fourier transforms are
ρˆψq,α :=
∑
p∈ΩBZ
ψˆ†[q+p]BZ,α
ψˆp,α,
U˜α,α
′
q :=
1
N
∑
r∈Λ
e−i q·r Uα,α
′
r .
(4.11c)
For simplicity, we shall focus on orbital-independent
(density-density) interactions, in which case
Uα,α
′
r = Ur, ∀α, α′ . (4.12)
Normal ordering is the operation by which all creation
operators are to be moved to the left of the annihilation
operators. In the orbital basis, normal ordering results
in
HˆU = Hˆ
′ψ
U + Hˆ
′′ψ
U . (4.13a)
The one-body Hamiltonian Hˆ ′ψU , a consequence of the
fermion algebra, is proportional to the conserved number
operator,
Hˆ ′ψU :=
∑
r∈Λ
∑
α
U
0
ψˆ†r,α ψˆr,α ≡ U Nˆ, (4.13b)
where we defined U ≡ Ur=0. The normal-ordered inter-
action Hˆ ′′ψU is
Hˆ ′′ψU ≡
∑
r,r′∈Λ
∑
α,α′
Ur−r′ ψˆ
†
r,α ψˆ
†
r′,α′ ψˆr′,α′ ψˆr,α. (4.13c)
The one-body term induced by normal ordering is, in the band basis,
Hˆ ′cU := U
∑
p∈ΩBZ
∑
a
cˆ†p,a cˆp,a ≡ U Nˆ. (4.14a)
The normal-ordered interaction is, in the band basis,
Hˆ ′′cU :=
∑
q∈ΩBZ
∑
p∈ΩBZ
∑
p′∈ΩBZ
∑
a
∑
b
∑
a′
∑
b′
V a,b;a
′,b′
q,p,p′ cˆ
†
[+q+p]BZ,a
cˆ†[−q+p′]BZ,a′
cˆp′,b′ cˆp,b,
V a,b;a
′,b′
q,p,p′ := U˜q
∑
α,α′
uα ∗[+q+p]BZ,a
uαp,b u
α′ ∗
[−q+p′]BZ,a
′ uα
′
p′,b′ .
(4.14b)
In any subspace of the Fock space with a fixed number
of particles, normal ordering thus produces a rigid shift
of all single-particle energy eigenvalues of Hˆ0. For any
band a, the width of the single-particle dispersion εa is
not affected by the normal ordering, i.e., by adding to
or subtracting from Hˆ0 the operator U Nˆ . We are go-
ing to show that this needs not be true any longer if we
first project Hamiltonian (4.7) onto band a¯ and then ex-
press the resulting projected Hamiltonian in terms of the
generators (3.8).
The projection of Hamiltonian (4.7) onto band a¯ is
Hˆ a¯ = Hˆ a¯0 + Hˆ
a¯
U , (4.15a)
where the projected kinetic Hamiltonian is
Hˆ a¯0 =
∑
p∈ΩBZ
cˆ†p,a¯
(
εp,a¯ + U
)
cˆp,a¯, (4.15b)
while the projected interacting Hamiltonian is
9Hˆ a¯U =
∑
q∈ΩBZ
∑
p∈ΩBZ
∑
p′∈ΩBZ
V a¯q,p,p′ cˆ
†
[+q+p]BZ,a¯
cˆ†[−q+p′]BZ,a¯
cˆp′,a¯ cˆp,a¯,
V a¯q,p,p′ = U˜q
∑
α,α′
uα ∗[+q+p]BZ,a¯
uαp,a¯ u
α′ ∗
[−q+p′]BZ,a¯
uα
′
p′,a¯.
(4.15c)
For the purpose of representing the projection of
Hamiltonian (4.7) onto band a¯ by the magnetic density
operators (3.8), it is necessary to undo the normal order-
ing in Eq. (4.15c). In doing so, a second one-body term
is produced,
Hˆ a¯ = Hˆ ′a¯0 + Hˆ
′a¯
U , (4.16a)
where the projected kinetic Hamiltonian is
Hˆ ′a¯0 =
∑
p∈ΩBZ
(
εp,a¯ + U
)
cˆ†p,a¯ cˆp,a¯ −
∑
p∈ΩBZ
 ∑
q∈ΩBZ
V a¯q,[−q+p]BZ,p
 cˆ†p,a¯ cˆp,a¯, (4.16b)
while the projected interacting Hamiltonian is
Hˆ ′a¯U =
∑
q∈ΩBZ
∑
p∈ΩBZ
∑
p′∈ΩBZ
V a¯q,p,p′ cˆ
†
[+q+p]BZ,a¯
cˆp,a¯ cˆ
†
[−q+p′]BZ,a¯
cˆp′,a¯. (4.16c)
Observe that had we first represented Eq. (4.11) in the
band basis, followed by the projection consisting of re-
stricting all the band indices to a¯ prior to normal-
ordering, then we would have obtained Eq. (4.16) upon
normal ordering without the second term on the right-
hand side of Eq. (4.16b). The correct implementation of
projection is to normal order first and then to project,
leading to Eq. (4.16b). Indeed, the order by which normal
ordering is followed by restricting all band indices to the
projected ones corresponds to sandwiching the Hamilto-
nian by the projection operator onto a subset of bands.
The reverse order by which the density operators is pro-
jected onto a subset of bands followed by normal ordering
corresponds to sandwiching first all density operators by
the projection operator onto a subset of bands and then
assembling a Hamiltonian out of these projected density
operators. As the projection operators do not commute
with the density operators, the order in which the oper-
ations of normal ordering and projection are performed
matters.
We can now express the Hamiltonian in terms of the magnetic density operators (the details are provided in
Appendix B)
Hˆ ′a¯0 =
∑
G∈Λ⋆
(
ε˜G + U δG,0 −
∑
q
U˜q h˜
G
−q
)
ˆ̺G
0
,
Hˆ ′a¯U =
∑
q∈ΩBZ
U˜q
∑
G,G′ ∈Λ⋆
f˜Gq f˜
−G′
−q e
−i (ΘG+q+Θ
−G′
−q
) ˆ̺Gq ˆ̺
−G′
−q ,
(4.17a)
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where
ε˜G =
1
N
∑
p
εp e
−i (G ∗p−p∗G)/(2π), (4.17b)
h˜Gq =
1
N
∑
p
∣∣∣∣∣∑
α
uα ∗[q+p]BZ,a¯
uαp,a¯
∣∣∣∣∣
2
e−i (G ∗p−p∗G)/(2π), (4.17c)
f˜Gq =
1
N
∑
p
(∑
α
uα ∗[q+p]BZ,a¯
uαp,a¯
)
e−i Θq,p e−i (G ∗p−p∗G)/(2π), (4.17d)
with Θq,p and Θ
G
q defined in Eqs. (3.11b) and (3.11c), respectively.
Equation (4.17) is the main result of Sec. IVB. Ap-
plied to a Chern insulator to which density-density inter-
actions have been added, Eq. (4.17) suggests that there
will always be linear in ˆ̺Gq=0 contributions to the Hamil-
tonian even if the bare band is flat to begin with, i.e.,
even if εp,a¯ = 0. Because of the topological attributes
of the Bloch spinors as they wrap around the Brillouin
zone, we expect a nonvanishing h˜Gq . (An extreme case of
a topologically trivial band insulator has Bloch spinors
that are constant across the Brillouin zone, in which case
only h˜G=0q 6= 0 and the additional one-body contribu-
tion is just proportional to the total particle number.
This would also be the case in the context of the quan-
tum Hall effect.) This effect on the bare dispersion is
controlled by the bare interaction Uq. Hence, it could be
as large as the effects of the density-density interaction.
It is far from evident that a FCI is selected by the
competition between the one-body and two-body terms
in Eq. (4.17) since they are both controlled by one charac-
teristic energy scale in the limit of a flat bare bandwidth.
On the other hand, if a ground state supporting a FCI
is selected for some range of parameters, then the effec-
tive quantum field theory describing the low-energy and
long-distance properties of this phase should belong to
one of the universality class associated with the FQHE.
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Appendix A: Proof of Eq. (3.10)
For any q and q′ from the first Brillouin zone ΩBZ and
for any G and G′ from the dual lattice Λ⋆, Eq. (3.6)
dictates that
[
ˆ̺Gq , ˆ̺
G′
q′
]
=
∑
p∈ΩBZ
[
e
+iΦG
q,[q′+p]
BZ
+iΦG
′
q′,p − (q ↔ q′ and G↔ G′)
]
cˆ†[q+q′+p]BZ
cˆp
=
∑
p∈ΩBZ
e
+iΦG
′′
[q+q′]
BZ
,p
[
e
+iΦG
q,[q′+p]
BZ
+iΦG
′
q′,p
−i ΦG
′′
[q+q′]
BZ
,p − (q ↔ q′ and G↔ G′)
]
cˆ†[q+q′+p]BZ
cˆp
≡
∑
p∈ΩBZ
FG,G′,G′′q,q′,p e
+iΦG
′′
[q+q′,p]
BZ cˆ†[q+q′+p]BZ
cˆp.
(A1a)
Here, we have introduced the short-hand notations
[q + p]BZ ≡ q + p−Gq+p ∈ ΩBZ, (A1b)
FG,G′,G′′q,q′,p := e+iΓ
G,G′,G′′
q,q′,p − (q ↔ q′ and G↔ G′),
(A1c)
and
ΓG,G
′,G′′
q,q′,p := Φ
G
q,[q′+p]BZ
+ΦG
′
q′,p − ΦG
′′
[q+q′]BZ,p
(A1d)
for any triplet q, q′, p from the first Brillouin zone and
for any triplet G, G′, G′′ from the dual lattice.
First, we are going to show that the algebra (A1a)
closes to [
ˆ̺Gq , ˆ̺
G′
q′
]
= FG,G
′
q,q′ ˆ̺
G+G′
q+q′ (A2a)
as a consequence of the fact that the kernel FG,G′,G′′q,q′,p
is independent of p and G′′ on the right-hand side of
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Eq. (A1a) (as we will show shortly) and for which reason
we have introduced the notations
ΓG,G
′,G′′
q,q′,p ≡ ΥG,G
′
q,q′ FG,G
′,G′′
q,q′,p ≡ FG,G
′
q,q′ . (A2b)
Second, we are going to show that the algebra (A2a)
simplifies to the algebra[
ˆ̺Gq , ˆ̺
G′
q′
]
= 2i sin
(
(q +G)∗ (q′ +G′)
2π
)
ˆ̺G+G
′
q+q′
(A3a)
as a consequence of the fact that (as we will show shortly)
ΥG,G
′
q,q′ = −ΥG
′,G
q′,q . (A3b)
Proof. Equations (A2b) and (A3b) follow at once from choosing
ΦGq,p :=
1
2π
[
(q +G)∗p+ ϕGq,p
]
, (A4a)
where
ϕGq,p := −(q + p+G)∗Gq+p+G. (A4b)
To verify this claim, we start from
2π ΓG,G
′,G′′
q,q′,p =2π
(
ΦGq,[q′+p]BZ
+ΦG
′
q′,p − ΦG
′′
[q+q′]BZ,p
)
=(q +G)∗[q′ + p]BZ + (q
′ +G′)∗p− ([q + q′]BZ +G′′)∗p+ 2π ΞG,G
′,G′′
q,q′,p ,
(A5a)
where
2π ΞG,G
′,G′′
q,q′,p :=ϕ
G
q,[q′+p]BZ
+ ϕG
′
q′,p − ϕG
′′
[q+q′]BZ,p
. (A5b)
If it were not for the symbol [· · · ]BZ and the dependence on G, G′, and G′′, all the explicit dependence on p would
drop by linearity on the right-hand side, very much as was the case in the continuum for Eq. (2.8). The condition for
periodicity prevents this cancellation, however. Instead, according to Eq. (3.2a),
2π ΓG,G
′,G′′
q,q′,p =(q +G)∗(q
′ + p−Gq′+p) + (q′ +G′)∗p− (q + q′ −Gq+q′ +G′′)∗p+ 2π ΞG,G
′,G′′
q,q′,p (A6)
simplifies to, if we collect all terms explicitly linear in p,
2π ΓG,G
′,G′′
q,q′,p =(q +G)∗q
′ − (q +G)∗Gq′+p + (G+G′ +Gq+q′ −G′′)∗p+ 2π ΞG,G
′,G′′
q,q′,p . (A7)
We choose
G′′ = G+G′ +Gq+q′ . (A8)
Then, all terms explicitly linear in p drop out and we are left with
2π Γ
G,G′,G+G′+G
q+q′
q,q′,p = + (q +G)∗q
′ − (q +G)∗Gq′+p + 2π Ξ
G,G′,G+G′+G
q+q′
q,q′,p . (A9)
An implicit dependence on p remains through the underlined term, on the one hand, and the functions of the form
ϕGq,p, on the other hand.
It is time to evaluate the contribution 2π ΞG,G
′,G′′
q,q′,p . Observe that
Gq+p+G =q + p+G− [q + p+G]BZ
=q + p+G− (q + p+G−Gq+p −G)
=Gq+p +G
(A10)
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for any pair q and p from the Brillouin zone ΩBZ and for any G from the dual lattice Λ
⋆. Hence, we can rewrite
2π ΞG,G
′,G′′
q,q′,p = − (q + q′ + p−Gq′+p +G)∗Gq+q′+p−G
q′+p
+G
− (q′ + p+G′)∗Gq′+p+G′
+ (q + q′ + p−Gq+q′ +G′′)∗Gq+q′+p−G
q+q′
+G′′
(A11)
as
2π ΞG,G
′,G′′
q,q′,p = − (q + q′ + p−Gq′+p +G)∗(Gq+q′+p −Gq′+p +G)
− (q′ + p+G′)∗(Gq′+p +G′)
+ (q + q′ + p−Gq+q′ +G′′)∗(Gq+q′+p −Gq+q′ +G′′).
(A12)
If we use Eq. (A8) on the last line of Eq. (A12), we get
2π Ξ
G,G′,G+G′+G
q+q′
q,q′,p = −
[
(q + q′ + p)− (Gq′+p −G )
]
∗(Gq+q′+p
#1
−Gq′+p
#2
+G#3)
− [( q′ + p)− ( −G′)]∗(Gq′+p
#2
+G′#4)
+ [(q + q′ + p)− ( −G−G′)]∗(Gq+q′+p
#1
+G#3 +G
′
#4).
(A13)
The following terms cancel pairwise.
1. From lines 1 and 3 on the right-hand side of Eq. (A13), (q+q′+p+G)∗Gq+q′+p
#1
cancel; (Gq′+p+G
′)∗Gq+q′+p
is left over.
2. From lines 1 and 2 on the right-hand side of Eq. (A13), ( q′+p)∗Gq′+p
#2
cancel; (q−Gq′+p+G+G′)∗Gq′+p
is left over.
3. From lines 1 and 3 on the right-hand side of Eq. (A13), (q + q′ + p+G)∗G#3 cancel; (Gq′+p +G
′)∗G is left
over.
4. From lines 2 and 3 on the right-hand side of Eq. (A13), (q′ + p+G′)∗G′#4 cancel; (q +G)∗G
′ is left over.
Collecting all nonvanishing contributions on the right-hand side of Eq. (A13) yields
2π Ξ
G,G′,G+G′+G
q+q′
q,q′,p =(Gq′+p +G
′)∗Gq+q′+p − (Gq′+p −G′)∗Gq′+p + (Gq′+p +G′)∗G
+ (q +G)∗Gq′+p + (q +G)∗G
′.
(A14)
By assumption (3.9) the ∗ product between any pair from the dual lattice Λ⋆ is a multiple of (2π)2. Hence,
combining Eq. (A14) with Eq. (A9) delivers the desired expression
Γ
G,G′,G+G′+G
q+q′
q,q′,p =
1
2π
(q +G)∗(q′ +G′) + mod 2π ≡ ΥG,G′q,q′ = −ΥG
′G
q′,q . (A15)
Appendix B: Details for reaching Eq. (4.17)
Equipped with Eq. (4.16), we are in position to take
advantage of the fact that, for any even dimension d,
the magnetic density operators (3.8) form a complete ba-
sis for the charge-neutral fermion bilinears made out of
the band creation and annihilation operators. Define the
functions f i : ΩBZ × ΩBZ → C, with i = 1, 2, 3, 4 by
f1q,p := δq,0 εp,a¯,
f2q,p := δq,0U,
f3q′,p′ := δq′,0 δp′,p,
f4q,p := u
α ∗
[q+p]BZ,a¯
uαp,a¯.
(B1a)
(Notice that p is a parameter in the definition of f3.) In
terms of the operators defined in Eq. (3.5), the projected
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kinetic Hamiltonian is
Hˆ ′a¯0 =
∑
q∈ΩBZ
 ˆ̺f1q + ˆ̺f2q − ∑
p,q′∈ΩBZ
V a¯q,[−q+p]BZ,p
ˆ̺f
3
q′
 ,
(B1b)
while the projected interacting Hamiltonian is
Hˆ ′a¯U =
∑
q∈ΩBZ
U˜q ˆ̺
f4
q ˆ̺
f4
−q. (B1c)
The bare kinetic energy is the first term on the right-
hand side of Eq. (B1b). The correction to the bare kinetic
energy from standard normal ordering is the second term
on the right-hand side of Eq. (B1b). The function f2 is a
δ function with respect to its first argument and constant
with respect to its second argument. This correction does
not change the bandwidth of the bare dispersion. The
last correction to the bare kinetic energy is the third term
on the right-hand side of Eq. (B1b). It is controlled by
the interaction U˜q dressed by the Bloch functions that
diagonalize the bare kinetic energy,
V a¯q,[−q+p]BZ,p
= U˜q
∣∣∣∣∣∑
α
uα ∗[−q+p]BZ,a¯
uαp,a¯
∣∣∣∣∣
2
. (B2)
It can change the bare bandwidth by an amount of the
order of the characteristic energy of the interaction.
Finally, Eq. (3.13) dictates that we define the functions
f¯ i : ΩBZ × ΩBZ → C, with i = 1, 2, 3, 4 by
f¯ iq,p := e
−i Θq,p f iq,p, (B3)
where the argument of the multiplicative exponential fac-
tor on the right-hand side was defined in Eq. (3.11c). We
observe that any one of the three functions f1, f2, and
f3 is proportional to δq,0 so that Eq. (3.12) implies that
f¯ iq,p := δq,0 f
i
0,p, i = 1, 2, 3. (B4)
In even dimensional space, we can safely use the ∗-Fourier
expansion [see Eq. (3.14)]
f¯ iq,p = δq,0
∑
G∈Λ⋆
f˜ i;G
0
e+i (G ∗p−p∗G)/(2π), i = 1, 2, 3,
f¯4q,p =
∑
G∈Λ⋆
f˜4;Gq e
+i (G ∗p−p∗G)/(2π),
∑
α
∣∣∣uα ∗[−q+p]BZ,a¯ uαp,a¯∣∣∣2 = ∑
G∈Λ⋆
h˜−G−q e
+i (G ∗p−p∗G)/(2π),
(B5)
to compute the Fourier coefficients f˜ i;Gq with i = 1, 2, 3,
f˜4;Gq , and h˜
G
q . Application of Eq. (3.16) then delivers
the desired representation of the projection of Hamilto-
nian (4.7) onto the band a¯ by the magnetic density op-
erators (3.8),
Hˆ a¯ = Hˆ ′a¯0 + Hˆ
′a¯
U ,
Hˆ ′a¯0 =
∑
G∈Λ⋆
(
f˜1;G
0
+ f˜2;G
0
−
∑
q
Uq h˜
G
−q
)
ˆ̺G
0
,
Hˆ ′a¯U =
∑
q∈ΩBZ
∑
G,G′ ∈Λ⋆
f˜4;Gq f˜
4;−G′
−q e
−i (ΘG+q+Θ
−G′
−q
) ˆ̺Gq ˆ̺
−G′
−q .
(B6)
Equation (4.17) follows.
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